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Curvature effect on spin polarization in a three-terminal geometry in presence of
Rashba spin-orbit interaction
Santanu K. Maiti1, ∗
1Physics and Applied Mathematics Unit, Indian Statistical Institute,
203 Barrackpore Trunk Road, Kolkata-700 108, India
The robust effect of curvature on spin polarization is reported in a three-terminal bridge system
where the bridging material is subjected to Rashba spin-orbit interaction. The results are examined
considering two different geometric configurations, ring- and linear-like, of the material which is
coupled to one input and two output leads. Our results exhibit absolute zero spin polarization for
the linear sample, while finite polarization is obtained in output leads for the ring-like sample.
PACS numbers: 73.23.-b, 72.25.-b, 85.35.Ds, 71.70.Ej
I. INTRODUCTION
The study of spin dependent transport in low-
dimensional systems has been largely dominated in the
last few decades due to the rapid advancement in nano-
scale science and technology1–18. Controlling electron’s
spin degree of freedom is extremely important for the de-
velopment of quantum information processing as well as
quantum computation19. The spin-orbit (SO) interaction
which couples the electron’s spin to the charge degree of
freedom provides a much deeper insight for generating
spin current and also its manipulation20–25 rather than
the usual methodologies26,27. Earlier, people were mainly
using26,27 ferromagnetic leads or external magnetic field
to get spin filtering action though these are not very suit-
able especially for low-dimensional systems, since in one
case a large resistivity mismatch is observed while in the
other case the main difficulty appears for confining a huge
magnetic field into a narrow region, like a nano-ring.
Depending on the sources, spin-orbit interaction is
classified in two different categories: one is called ex-
trinsic type which appears mainly due to magnetic im-
purities, while the other is defined as intrinsic type that
appears as a result of lacking of inversion symmetry. In
this category generally two kinds of spin-orbit interac-
tions are taken into account. They are called as Rashba
and Dresselhaus SO interactions28–30. The first one is
associated with the inversion asymmetry of the structure
and its strength can be regulated by means of external
gate potential, and the second one is related to the bulk
inversion asymmetry whose coupling strength depends on
the material.
Considering the coupling of spin degree of freedom to
the momentum of an electron, spin polarized currents
in output terminals of a multi-terminal conductor can
be achieved from a purely unpolarized electron beam in-
jected to the input terminal31–35. The existing literature
suggest that a lot of theoretical progress has already been
done to explore spin selective transmission through dif-
ferent model geometries. For example, a planar T-shaped
conductor31 with a ring resonator exhibits polarized spin
currents in outgoing leads in presence of Rashba SO in-
teraction. In other work Peeters et al. have shown how
a ring-like geometry can be utilized as an electron spin
beam splitter exploring the possible quantum interfer-
ence effect in presence of SO coupling33. At the same
time Nikolic and his group34,35 put forward several key
ideas in this particular field.
In spite of the considerable volume of work available
in this particular area, a practically unexplored issue is
how does the curvature of a material which is clamped
within input and output leads influence spin polarization.
To the best of our knowledge, this part is unaddressed
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FIG. 1: (Color online). Schematic diagram of a three-terminal
bridge setup, where the arrows correspond to the movement of
electrons through one input and two output terminals. Two
different geometrical shapes, ring- and linear-like, of a partic-
ular sample subjected to Rashba SO interaction are taken into
account to explore the curvature effect on spin polarization
in multi-terminal system.
so far. In the present work we essentially focus towards
this direction. We investigate the curvature effect on
spin polarization by considering two simple geometries:
a simple linear conductor and a ring-like geometry which
is formed by bending the chain.
The results are quite interesting. Using a tight-binding
(TB) framework and based on Green’s function formal-
ism we show that for a ring shaped conductor spin po-
larized currents are obtained in output leads of a multi-
2terminal geometry from a completely unpolarized beam
of electrons, while absolute zero spin polarization is ob-
tained for the linear conductor.
The rest of the paper is organized as follows. Section
II illustrates two different models together with a brief
theoretical description to obtain spin polarization in two
output leads. Section III contains numerical results and
discussion, and finally, in Section IV we summarize our
essential results.
II. MODEL AND THEORETICAL
FRAMEWORK
In this section we describe two different systems of our
study and present a general theory for calculating spin
polarization coefficient P z in two output leads based on
Green’s function formalism.
A. Model and Hamiltonian
The three-terminal bridge setup is schematically shown
in Fig. 1, where we take two different configurations of
the same material. In one configuration we choose a finite
one-dimensional (1D) chain, which is then bent to form a
1D ring to generate another configuration. In both these
two cases the material, subjected to Rashba spin-orbit
interaction, is connected with one input (lead-1) and two
output leads (lead-2 and lead-3).
A tight-binding framework is given under the nearest-
neighbor hopping approximation to describe the bridging
material (ring/chain) and the side-attached leads. The
TB Hamiltonian of the entire system reads as,
H = Hsample +Hleads +Htun (1)
where three different terms in the right side correspond to
the Hamiltonians of three different regions of the bridge
system those are elaborately explained below.
The first term, Hsample, describes the Hamiltonian of
the conductor placed between the incoming and outgoing
leads. Depending on its geometry (ring-like or chain-
like) the Hamiltonian looks different. For a N -site linear
conductor subjected to Rashba SO interaction the TB
Hamiltonian36,37 gets the form:
Hsample =
∑
n
c
†
nǫcn +
∑
n
(
c
†
ntcn+1 + h.c.
)
+
∑
n
(
i tsoc
†
n[~σ × dˆn,n+1]zcn+1 + h.c.
)
(2)
where,
c
†
n =
(
c†n↑ c
†
n↓
)
; cn =
(
cn↑
cn↓
)
; ǫ =
(
ǫ 0
0 ǫ
)
and
t = t
(
1 0
0 1
)
.
In the above expression, c†nσ and cnσ are the cre-
ation and annihilation operators, respectively, for an
electron with spin σ(↑, ↓) at the n-th atomic site of
the sample. ǫ is the on-site energy and t measures the
isotropic nearest-neighbor hopping integral. The pa-
rameter tso describes the Rashba SO coupling strength
and the term ~σ gives the spin angular momentum of the
electron. The unit vector dˆn,n+1 describes the direction
of the movement of an electron between the sites n and
n+ 1.
When this N -site linear conductor is bent to form a
ring the Hamiltonian becomes38–41,
Hsample =
∑
i
c
†
nǫcn +
∑
n
(
c
†
ntcn+1 + h.c.
)
+
∑
n
(
c
†
ntn,n+1cn+1 + h.c.
)
(3)
where,
tn,n+1 = itso
{
σx cos
(
ϕn+ϕn+1
2
)
+ σy sin
(
ϕn+ϕn+1
2
)}
with ϕn = 2π(n − 1)/N . All the other symbols used
in Eq. 3 carry their usual meanings.
In our theoretical framework, three metallic leads are
considered to be identical, semi-infinite and free from any
kind of impurities and spin-orbit interaction. We can
express them as,
Hleads =
∑
α
Hα (4)
where α = 1, 2, 3 for the three leads. In the absence of
any SO coupling Hα takes the form:
Hα =
∑
i
c
†
iǫ
α
l ci +
∑
i
(
c
†
i t
α
l ci+1 + h.c.
)
(5)
with ǫαl = ǫ
α
l
(
1 0
0 1
)
and tαl = t
α
l
(
1 0
0 1
)
.
where ǫαl and t
α
l are the site energy and nearest-
neighbor hopping integral, respectively, in the α-th
lead. Other factors carry their usual meanings as stated
earlier. Out of these three leads, lead-1 is treated as
the input terminal, while the other two are considered
as the output terminals and all of them are coupled to
the conductor through the hopping integral tc. Here
we assume that the lead-1 is always attached to site 1
and the other two leads are coupled to the sites p and
q, those are variables, of the conductor. Following the
same footing as above, we can write the TB Hamiltonian
to describe the conductor-to-lead coupling as,
Htun =
∑
α
Htun,α. (6)
Here,
Htun,α =
[
c
†
i tccn + c
†
ntcci
]
(7)
3with tc = tc
(
1 0
0 1
)
.
The site i corresponds to the boundary site of the lead,
and it is coupled to the n-th site of the conductor, which
is variable.
B. Evaluation of polarization coefficient P z in
terms of transmission probabilities
The spin polarization coefficient in the output leads is
defined as10,42–44,
P z =
T↑↑ + T↓↑ − T↑↓ − T↓↓
T↑↑ + T↓↑ + T↑↓ + T↓↓
(8)
where, Tσσ′ gives the transmission probability of an
injecting electron with spin σ which gets transmitted
through the drain with spin σ′. When σ = σ′ we get
pure spin transmission, while for the other case spin flip
transmission is obtained. Equation 8 is the general ex-
pression of spin polarization coefficient between any two
leads i and j, and, for our three-terminal system we call
the polarization coefficients in two outgoing leads as P z1
and P z2 . In the present approach we select the quantiza-
tion direction along the Z axis for simplification.
To calculate transmission coefficient Tσσ′ we use
Green’s function formalism45,46. In this framework
the two-terminal transmission probability between the
leads i and j is defined as Tσσ′ = Tr
[
Γσi G
r
cΓ
σ′
j G
a
c
]
.
Here Grc and G
a
c are the retarded and advanced
Green’s functions, respectively, of the sample con-
sidering the effects of the electrodes. Grc =(
E −Hsample −
∑
σ
Σσ1 −
∑
σ
Σσ2 −
∑
σ
Σσ3
)−1
, where E is
the energy of an injecting electron, and Σσi ’s (i = 1, 2, 3)
are the self-energies due to coupling of the conductor to
the leads and Γσi ’s are their imaginary parts. In Refs.
45,46
the detailed calculations of self-energy matrices are avail-
able.
III. NUMERICAL RESULTS AND DISCUSSION
Based on the above theoretical framework we now an-
alyze our numerical results. Throughout the analysis we
fix the electronic temperature of the system to absolute
zero, and for simplification, we put c = e = h = 1.
Other common parameters are as follows: ǫ = ǫαl = 0
and t = tαl = tc = 1. The Rashba SO coupling strength
tso and all the energy scales are measured in unit of the
hopping integral t.
Before focusing to the central point i.e., the curvature
effect on spin polarization in a multi-terminal (more than
one output lead) system in presence of Rashba SO inter-
action, we want to have a short glimpse on the system
where a conductor subjected to SO interaction is cou-
pled to a single input and a single output lead i.e., a
two-terminal system. Following our extensive numeri-
cal calculations we can conclude that irrespective of the
curvature of the bridging material, only SO interaction
cannot induce spin polarization in output lead of a two-
terminal system. We verify it considering different ge-
ometrical shapes of the conductor, e.g., circle, square,
triangle, polygon, linear, etc. In few recent works31,47
it has also been shown that only SO interaction is in-
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FIG. 2: (Color online). Energy dependence of spin polariza-
tion coefficients P z1 and P
z
2 in two output leads, in (a) and
(b) respectively, for a three-terminal mesoscopic ring when
the output leads are attached symmetrically with respect to
the input lead. These coefficients (P z1 and P
z
2 ) are superposed
with each other in (c) for comparison. The parameters are:
N = 52, tso = 0.5, p = 22 and q = 32.
capable of producing spin polarization. The reason is
that, in presence of SO coupling the time-reversal sym-
metry is still preserved, and therefore, it doesn’t break
the Kramer’s degeneracy between the |k ↑〉 and | − k ↓〉
states which results vanishing spin current in the output
lead of a two-terminal system. The degeneracy gets re-
moved when the system is subjected to any kind of mag-
netic impurity or external magnetic field. Under this sit-
uation a two-terminal system with SO coupling exhibits
4polarized spin currents10. This phenomenon has already
been established in the literature, but the essential issue
of our present analysis – the interplay between the cur-
vature of the material and the multi-leads has not been
addressed earlier.
To explore it, in Fig. 2 we present the results for a
three-terminal mesoscopic ring considering N = 52 and
tso = 0.5. Here, the two outgoing leads are attached
symmetrically (p = 22 and q = 32) with respect to the
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FIG. 3: (Color online). Energy dependence of spin polariza-
tion coefficients P z1 and P
z
2 in two output leads, in (a) and
(b) respectively, for a three-terminal mesoscopic ring when
the output leads are attached asymmetrically with respect to
the source lead. These coefficients (P z1 and P
z
2 ) are super-
posed with each other in (c) for comparison. The parameters
are: N = 52, tso = 0.5, p = 27 and q = 39.
incoming lead, as shown schematically in Fig. 1(a). The
upper panel of Fig. 2 corresponds to the energy depen-
dence of spin polarization coefficient for the one output
lead, while for the other output terminal it is shown in
the middle panel of Fig. 2, and, finally they are placed
together in the lower panel of this figure to compare the
polarization coefficients properly. From these spectra it
is observed that finite spin polarizations, associated with
the energy eigenvalues of the ring subjected to only SO
interaction, are obtained in both the two outgoing leads
though the system is free from any kind of magnetic im-
purities. Most interestingly, we also see that the coef-
ficients P z1 and P
z
2 are exactly identical in magnitude
and opposite in sign for each value of the incident elec-
tron energy E. This phenomenon can be explained as
follows. The spin polarization coefficient P z describes
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FIG. 4: (Color online). Energy dependence of spin polariza-
tion coefficients P z1 and P
z
2 in a three-terminal mesoscopic
chain considering N = 52 and tso = 0.5 for two different
chain-to-lead interface geometries, where (a) p = 26, q = 52
and (b) p = 20, q = 40.
the normalized difference among the up and down spin
charge currents propagating through the outgoing leads,
since in our present scheme we assume the quantized di-
rection along the Z direction. In a multi-lead geometry
i.e., when more than one outgoing lead is coupled to the
system the Kramer’s degeneracy between the |k ↑〉 and
|−k ↓〉 gets removed and depending on the allowed paths
of the moving electrons spin dependent scattering takes
place. The spin dependent force associated with the SO
coupling is responsible for this scattering. Now, in the
ring-like geometry electrons can go through two different
paths, and accordingly, the up and down spin electrons
get deflected in two opposite directions by the spin de-
pendent force during the movement of electrons through
the ring geometry in presence of SO interaction which
results spin selective transmission through the outgoing
leads. This is the key aspect of observing mesoscopic spin
Hall effect37 and the accumulation of opposite spin elec-
trons on the opposite edges of a finite width conductor.
Since the two outgoing leads are coupled symmetrically
5to the ring geometry with respect to the incoming lead,
P z1 and P
z
2 get equal magnitude. Their sign reversals are
also understood from Eq. 8.
By breaking the ring-lead interface geometry one can
achieve spin polarizations with unequal magnitudes. The
results are shown in Fig. 3 when the output leads are at-
tached asymmetrically with respect to the source lead.
Here we fix p = 27 and q = 39, and all the other param-
eters are kept identical as set in Fig. 2. It is clearly seen
that, unlike the symmetric configuration, the magnitudes
of P z in two output leads are no longer equal for the
asymmetrically connected ring-lead bridge setup. This is
exclusively due to the quantum interference effect among
the electronic waves propagating through different arms
of the ring geometry. Apart from getting unequal mag-
nitudes of polarization coefficients in two output leads,
all the other properties remain exactly invariant as de-
scribed earlier in the case of symmetric configuration.
From these results we can emphasize that, for the
three-terminal ring geometry we get spin polarization
due to SO interaction only, since the sample is free from
any kind of magnetic impurity or external magnetic field,
but a two-terminal ring geometry cannot provide polarize
spin current under this situation. Here, it is important
to note that although the Kramer’s degeneracy between
the |k ↑〉 and | − k ↓〉 gets removed by coupling the con-
ductor with a third lead or more, but it doesn’t ensure to
get non-vanishing spin polarization in output leads which
can be clearly understood from the following discussion.
The scenario becomes highly significant when the ring-
like sample is transformed into the linear-like one. The
results are shown in Fig. 4 considering two different
chain-to-lead interface geometries. In one configuration
(Fig. 4(a)) the outgoing leads are coupled to the sites
26 and 52 of the linear conductor, while these coupling
sites are 20 and 40 for the other configuration (Fig. 4(b)).
The total number of atomic sites N and the Rashba SO
coupling are kept unchanged as taken in Fig. 2. From
the spectra presented in Fig. 4, we interestingly see that
both P z1 and P
z
2 drop exactly to zero for the entire en-
ergy band spectrum, and, these results are independent
of the chain-to-lead interface geometry as well as the
strength of the SO coupling, which we confirm through
our considerable numerical work. This is really appealing
in the sense that a same material subjected to SO cou-
pling exhibits finite spin polarization for one geometrical
shape, while absolute zero spin polarization is obtained in
the other geometrical configuration for a multi-terminal
bridge setup. This is solely due to the effect of curvature.
For the linear chain the up and down spin electrons can
propagate only in a particular direction. Either it can
be along X or Y direction depending on the choice of
the co-ordinate system. Under this situation, the spin
dependent force which essentially scatter opposite spin
electrons becomes zero, and therefore, no spin polariza-
tion is available even though the Kramer’s degeneracy is
broken for such a multi-terminal bridge setup. The disap-
pearance of such spin dependent force in a linear sample
can be justified from the following analysis. For a linear
chain the Rashba dependent Hamiltonian in the contin-
uum model representation gets the form48: (tso/~)σypx,
assuming the movement of electrons along the X direc-
tion. Considering this Hamiltonian if we calculate x¨, x
being the position operator, then the output becomes
exactly zero which immediately suggests vanishing spin
dependent force since the force is directly proportional
to x¨. To get a finite spin dependent force both the com-
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FIG. 5: (Color online). Energy dependence of spin polariza-
tion coefficients P z1 and P
z
2 in a three-terminal mesoscopic
ring for two distinct ring-to-lead interface geometries consid-
ering N = 200 and tso = 0.5. The results for the symmetric
configuration are presented in the first column where we set
p = 82 and q = 120, while in the second column they are
shown for the asymmetric configuration setting p = 101 and
q = 151.
ponents px and py are needed in the Rashba term which
is not possible in the case of a linear chain. Therefore,
spin dependent scattering is no longer available, even in
the presence of multi-leads. Now, an important point
which should be noted here that when a linear conductor
is properly bent to form a regular ring shaped geome-
try, the SO coupling strength may be affected due to
its curvature, but that doesn’t at all change the present
physical scenario, and therefore, we consider the iden-
tical coupling strength for both these two geometrical
configurations for the sake of simplification in our model
calculations.
The results presented so far to explore the curvature
effect on spin polarization in a three terminal geometry
are computed for a conductor with only 52 sites. Keep-
ing in mind a possible experimental realization one may
think how such a small sized conductor can be used to
design a conductor-lead bridge setup. To establish this
fact now we present the spin polarization coefficients P z1
and P z2 taking a 200-site conductor for its two different
shapes as considered earlier i.e., ring-like and the linear-
like one. For the ring-like geometry, the results are pre-
6sented in Fig. 5, whereas for the other case they are shown
in Fig. 6, and for both these two cases the results are
computed for two distinct electrode-to-conductor config-
urations (symmetric and asymmetric) to justify the ro-
bustness of our investigation. From the spectra given in
Fig. 5 it is observed that, like Fig. 2, here also the polar-
ization coefficients P z1 and P
z
2 become exactly identical
in magnitude and opposite in sign (1st column of Fig. 5)
when the ring is attached symmetrically to the outgo-
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FIG. 6: (Color online). Energy dependence of spin polariza-
tion coefficients P z1 and P
z
2 in a three-terminal mesoscopic
chain considering N = 200 and tso = 0.5 for two different
chain-to-lead interface geometries, where (a) p = 100, q = 200
and (b) p = 50, q = 150.
ing leads. These coefficients P z1 and P
z
2 are no longer
identical in magnitude for the asymmetric ring-lead con-
figuration (2nd column of Fig. 5), as expected. This is
exactly what we get in a 52-site ring as shown in Fig. 3.
For the linear-shaped conductor with N = 200 a van-
ishing spin polarization is obtained (Fig. 6) in its output
leads for the entire energy band region irrespective of the
chain-to-lead interface geometry and it is exactly similar
in nature which we get earlier in the case of a 52-site
chain (Fig. 4). From these results we can emphasize that
apart from getting more peaks and dips in P z-E spec-
trum for the ring-shaped conductor with increasing N ,
all the basic physical properties i.e., non-vanishing spin
polarization coefficients with equal and/or unequal mag-
nitudes associated with the ring-lead interface geometry
and absolute zero spin polarization in the linear-like con-
ductor irrespective of its coupling configuration to side-
attached leads remain exactly unchanged. For a very
large sized ring several peaks and dips appear in P z-E
spectrum from which it may seem that the spectrum is
quasi-continuous, but looking it carefully one can always
find distinct peaks since N is finite. Thus, our essential
goal of getting finite and vanishing spin polarizations in a
multi-terminal geometry constructed with the same ma-
terial with different curvatures is established.
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IV. CONCLUSION
To summarize, in the present communication we es-
tablish the curvature effect on Rashba spin-orbit interac-
tion induced spin polarization in a three-terminal bridge
setup within a tight-binding framework based on Green’s
function formalism. The results are analyzed considering
two different shaped geometries of the same material. In
one configuration we select the bridging material in a
linear-like, which is then bent to form a ring-like geom-
etry. Quite interestingly, we find that finite polarization
is obtained in two output leads for ring shaped geome-
try, while absolute zero spin polarization is noticed when
the sample becomes linear. This phenomenon also holds
true even for any other higher-terminal bridge setup and
independent of the lead-conductor interface geometries.
In addition to this ring-like geometry one might ex-
pect finite spin polarization in output leads for other ge-
ometrical configurations, except the linear one, which es-
sentially leads to the robust effect of curvature on spin
polarization in a multi-terminal bridge system.
All the results described in this communication are
worked out at absolute zero temperature, though the fi-
nite temperature extension of this analysis is extremely
trivial. The thing is that at finite temperature no new
phenomenon will appear and all the physical pictures pre-
sented here remain unaltered even at finite (low) temper-
ature since the broadening of energy levels of the conduc-
tor due to its coupling with the side-attached leads is too
large compared to the thermal broadening45,46,49–51.
In the present work, we ignore the effect of on-site
electron-electron (e-e) interaction. We can incorporate
this effect in our formalism in different ways. One possi-
ble route is the mean field approximation52–56. But, for
this particular study e-e interaction doesn’t provide any
such new insight since it cannot scatter up and down spin
electrons in opposite edges of the sample, as spin-orbit
interaction does. Only some modifications in magnitudes
of P z1 and P
z
2 can be expected.
Before we end, it should be noted that to explore the ef-
fect of curvature on spin polarization in a three-terminal
bridge setup we compute our numerical results consid-
ering some typical values of the parameters describing
7the systems. But, all these physical properties i.e., van-
ishing spin polarization in output leads of a linear-like
conductor and finite spin polarization for a ring-like ge-
ometry remain absolute unchanged for any other set of
parameter values. These features certainly demand an
experiment in this line.
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